The electronic energy and the polarizability of a confined hydrogen molecular ion in the ground state and the first excited state, for cavities of different volumes, are calculated using the variational method. In the treatment adopted an alternative molecular wave function is introduced with only one variational parameter and based on wave functions used for confined atoms.
Introduction
Studies on the effect of confinement on atomic and molecular systems are being applied in various fields such as the development of Organic Light Emitting Diodes (OLEDs), [1] in protein folding thermodynamics [2] and the development of new carbon adsorbents. [3] Atomic and molecular systems under high pressure are gaining prominence in the scientific community because of their anomalous behavior. These unusual behaviors can be applied to new technologies. In several recent experimental studies, [3] [4] [5] molecules subject to confinement have been analyzed from different viewpoints. In the work of Zerr et al., [4] the authors decompose hydrocarbons under high pressure and high temperature obtaining hydrogen molecules and diamonds. In the article by Mao and co-workers, [5] results are presented involving the dissociation of H 2 O molecules under high pressure using X-rays to form a solid mixture of H 2 and O 2 . The experimental work of Gallego et al. [3] confines hydrogen in carbon nanopores and the results obtained can be used as a guide to develop new carbon adsorbents. Theoretical papers have also been important in the study of high pressure systems. Cottrell [6] made one of the first studies addressing confined molecular systems. Using the variational method, the energy of the orbital of the confined hydrogen molecular ion is calculated for different eccentricities of impenetrable prolate spheroidal boxes. The author used two variational parameters in the trial wave function. In Ref. [7] , Ley-Koo and Cruz study some energy levels of the confined H atom and the confined H and HeH 11 molecules. The Schr€ odinger equation is solved using wave functions written in terms of a series of functions. In calculating the energy for different confinement volumes, they study the hyperfine structure of the confined H atom and the confined H 1 2 molecule. In the work of LeSar and Herschbach, [8] the electronic energy, polarizability, the pressure and the quadrupole moment of the confined hydrogen molecular ion and confined neutral hydrogen molecule for different eccentricities of the confinement area are studied. The variational method was used to get the energy eigenvalues and the trial wave function used in the confined H 1 2 molecule approach is the same as that presented in Ref. [6] . The results indicate that the smaller the size of box, the lower the values of the polarizability and the quadrupole moment. [8] Recently, different mathematical methods have been used to address confinement in order to expand the mathematical treatment in the study of such a system. In Ref. [9] , the authors use the asymptotic iteration method to get the exact solution of the energy levels of confined hydrogen-like atoms. Cruz and Col ın-Rodr ıguez [10] calculate, using the variational method, the electronic energy levels under confinement of an electron in an H atom and also the H The trial wave function used has three variational parameters and is shown to be adaptable to molecular and atomic systems. The energy of the ground state of the molecular orbital of the H 2 molecule for different cavity eccentricities, as well as the vibrational properties of this molecule, is also analyzed by these authors. [11] In Ref. [12] , the perturbation method is used to calculate the energy of the He atom under confinement. In the work of Sarsa and Le Sech, [13] the energy of the confined H 1 2 molecule is calculated with a variational approach using the Monte Carlo method and the wave function used in the calculation contain four variational parameters. Kang et al. [14] analyze the energies of H 1 2 -like impurities confined in spherical quantum dots.
In this article, we propose an approach that allows you to build eigenfunctions based on confined atomic wave functions [15] to be used in the variational method. We calculate the electronic energy and the polarizability of the confined ionized hydrogen molecule in the ground state and the first excited state for different values of cavity eccentricity. The next section describes the theoretical methodology used in this work and the geometry of the studied molecule is also described. The third section shows the values of electronic energy and polarizability obtained for the H 1 2 molecule and these ground state results are compared to those found the literature. [7, 8, 10] Finally, the conclusions are in the last section.
Methods
This study looks at the electronic energy and polarizability of an H 1 2 molecule confined in an impenetrable prolate spheroidal cavity with the nuclei located at the focus of the confining surface. First, the geometry of the studied molecule (H 1 2 ) needs to be defined. It consists of three bodies: two protons and an electron, as shown in Figure 1 .
The confinement parameter n c in Figure 1 characterizes the ellipsoid of revolution that defines the enclosing cavity. The eccentricity of this cavity is given by 1=n c and the major axis of the ellipsoid is given by multiplying n c by R. To obtain the energy eigenvalues in this type of problem, the following Schr€ odinger equation must be solved:
where H is the Hamiltonian, W is the molecular wave function and E is the energy of the system.
The Schr€ odinger equation for this problem has no analytical solution, therefore to find a solution we have to use some approximations. The first is the Born-Oppenheimer approach, which uncouples the electron movement from the nuclear movement. Thus, the description related to electrons can be taken considering the fixed nuclei. [16] Using the BornOppenheimer approximation, the Hamiltonian of the molecule H 1 2 is written, in atomic units, as:
where r a and r b are respectively the distances between nucleus a and the electron and between nucleus b and the electron and where Z a is the atomic number of atom a and Z b is the atomic number of atom b. In this case, we are studying the hydrogen molecule, so Z a 5Z b 51. R is the internuclear distance and V describes the system confinement. For problems involving confined atomic systems, usually the cavities are spherical. [9, 15, 17, 18] In the study of confined molecular systems both spherical cavities [13, 19] and ellipsoidal cavities [10, 11] have been used. In this work, the confinement system is described as an impenetrable prolate spheroidal cavity. Such confinement may be represented by a potential of the type:
where n c define the size and eccentricity of the confining prolate spheroidal box. Prolate spheroidal coordinates (n, g, u) are used to deal with the system:
and u is the same as the spherical coordinates. In the new coordinates, the Hamiltonian (2) is rewritten as:
where
The Schr€ odinger equation resulting from the Hamiltonian of eq. (5) is immediately separated on the azimuth axis around the coordinate u. However, the same cannot be said for the coordinates n and g. Thus, the molecular wave W b function can be written as Figure 1 . The H 1 2 molecule in an ellipsoidal cavity, where n c is related to the eccentricity of the bounding cavity and Z i is the atomic number of the atom that forms the molecule; r i is the distance between the atomic nucleus and the electron; h i is the angle between r i and the azimuth axis z; and R is the internuclear distance. The subscript i identifies the atom, ie., i5a; b.
where the quantum number m has the values m50; 61; 62; Á Á Á The mathematical problem of finding eigenvalues and eigenfunctions for the Hamiltonian (5) can be solved by using approximation methods. This article uses the variational method. [20] The approximation method here is to choose an appropriate wave function W b n; g; u ð Þto get an energy eigenvalue greater than or equal to the exact energy (E exact ). In summary, the variational principle states that:
where E exact is the exact energy of the problem,Ĥ is the Hamiltonian operator (5) and W b n; g; u ð Þ is the chosen wave function. The integral is performed on the total volume the system occupies (1 < n < n c ; 0<
Þdn dg du. The variational method allows the addition of adjustable variational parameters (b). These parameters are used to minimize the expression of the mean energy ( E b) , leading to a more refined result. In this work, only one variational parameter was used on the suggested trial wave function. Thus, to further refine the result, the mean energy E b is minimized with respect to the parameter b:
Due to the features of this problem and the approach taken to construct the molecular orbital, the confined molecule H 1 2 was studied in two states. First, the molecule in state 1r g , that is, in the ground state, was analyzed and then the excited state 1r u was analyzed. In both cases, the molecule has symmetry around the azimuth coordinate u, and consequently, the magnetic quantum number is zero (m50) for both states. Thus, the molecular wave function in this case (m50) is independent of u and set to w b n; g ð Þ. To solve the integral (8) , an appropriate trial wave function is needed. There are different types of trial wave functions that can be used in this case, such as functions which are composed of infinite series [7] and functions obtained by the Linear Combination of Atomic Orbitals (LCAO). [10] Here, based on the results obtained for atomic systems, [15] a new trial wave function for the problem was introduced that combines simplicity and good numerical results. Combining confined atomic orbitals built with the help of the formalism of supersymmetric quantum mechanics, [15] the following eigenfunction for the state 1r g is used:
For the state 1r u the following trial wave function is used:
The terms (n c 2n) require that the wave function is zero in n5n c , n c defining the confining cavity, the exponentials correspond to the wave functions of the H atom in the ground state and b is the variational parameter. N a b ð Þ and N b b ð Þ are the constants of atomic normalization of the confined atoms that make up the studied molecule and have the following values:
With the suggested eigenfunctions, the electronic energy and the average polarizability of the confined H 1 2 molecule in the ground state are calculated and compared to results obtained previously. [7, 8, 10] The electronic energy and the average polarizability of the same molecule in the excited state 1r u are also calculated. The average polarizability indicates how sensitive the molecule is with respect to being polarized by an external electric field. [20] For the calculation of this property, the approximation presented by Kirkwood is used. [21] We know that the average polarizability (a) of a molecule is composed of a parallel polarizability component and of two perpendicular polarizability components [8] :
where a k is the polarizability parallel to an external electric field and a ? is the polarizability perpendicular to this field. These polarizabilities are related to the mean values of hz 2 i and of hx 2 i respectively; as follows:
The polarizabilities are related to the average values of the position of the electron cloud of the molecule. As the coordinate system used in this work is that of prolate spheroidal coordinates, the Cartesian coordinates have to be related to the prolate spheroidal coordinates and this relationship is given in Ref. [8] :
The average y 2 calculation is not necessary since both the x-axis and the y-axis are defined as axes perpendicular to the polarizability. From the eqs. (15a) and (15b), it can be seen that the mean values of x 2 and y 2 are equal for all confinement volumes.
The results obtained for the electronic energy and average polarizability described in this section can be compared to data from the literature. [7, 8, 10] The average values are determined by using the suggested wave functions and the fixed value of b by minimization of eq. (9). These calculations were done for cavities of different eccentricities. For the numerical calculation, the software Wolfram Mathematica was used (Universidad de Valladolid license).
Results
The electron energy and the polarizability of the confined H With the trial wave function (10) and the Hamiltonian (5), the electronic energy is calculated using the variational method (8) . Then, comparing the energy eigenvalue obtained for each confinement parameter value (n c ) with results available in the literature (initially those in Refs. [7, 10] , then those from Ref. [8] ). In the calculations performed and shown in Table 1 , the value of the internuclear distance is fixed as two atomic units (a.u.), i.e. R52 a 0 52 bohrs (a 0 5 0.53 Å ). The size of the semimajor axis is calculated for different values of the parameter n c and the volume of the confining cavity is estimated. Table 1 shows the electronic energy eigenvalues for each volume and the comparison of these results with those shown in Refs. [7] and [10] .
The results in Table 1 show that the wave function proposed in this paper presents electronic energy eigenvalues close to those values given in Refs. [7] and [10] . The value obtained practically coincides with that shown in the literature for V 5 749 a However, it is worth remembering that the variational principle states that the results found by the variational method are always greater than or equal to the actual values. As the results obtained here are lower than the previous results, it can be concluded that these results are quantitatively better than the previous ones.
Other findings in the literature for the energy eigenvalues are given in Ref. [8] . These results are particularly interesting since they include the average polarizability calculations for the confined H 1 2 molecule. These calculations are also reproduced here. To determine the average polarizability, first the electronic energy must be calculated to fix the variational parameter b in the suggested wave function. Using this parameter in the wave function (10), hz 2 i, and hx 2 i can be calculated and, hence, the average polarizability (a). The electron energy eigenvalues found for each volume (V) of the cavity shown in Ref. [8] are shown in Table 2 . Each cavity has a different-sized major axis (Rn c ).
The data in Table 2 suggest that the wave function used is appropriate, since the results of the energy eigenvalues are smaller than the results from the literature, except for the first result (Rn c 5 12), where the results practically coincide. In this case, the difference is in the fourth decimal place corresponding to a very small error of about 0.13%. In Ref. [8] , the Table 1 . Numerical results of the energy eigenvalues (E b ) obtained for cavities of different eccentricities (1/n c ) and volume (V). The variational parameter b is used to minimize the amount of electronic energy. The values represented by E [7] and E [10] are eigenvalues given in Refs. [7] and [10] , respectively. | E [7] 2E b | and | E [10] 2 E b | are the absolute differences between the value from the literature and the value found in this work. The energies, volumes and internuclear distances are in atomic units. The column data E [8] are the electronic energy eigenvalues indicated in Ref. [8] . The absolute difference between the result obtained with the result from the literature is shown by |E [8] 2E b |. The energies, volumes, and internuclear distances are in atomic units. Table 3 .
In Table 3 , we find that, for volumes greater than or equal to 252 a ing to the variational principle, best describes the system being studied, since it leads to a lower energy value. The exception is the case where the volume is equal to 879 a 0 [3] where the results practically coincide (Table 2) . From the results for the values of hx 2 i and hz 2 i, the values of the parallel, the perpendicular and the mean polarizability are calculated. These values are presented in Table 4 . The values of the parallel (a k Þ and perpendicular (a ? ) polarizabilities are calculated from eqs. No studies were found in the literature for the excited state 1r u , which prevents a comparison of results. However, the success of the proposed treatment for the ground state condition 1r g indicates that the same methodology can be applied to other states, in particular, to state 1r u . The symmetry of the problem and the different parity between these states permit a direct extension of the trial function from the ground state to the first excited state. However, in principle, the methodology can be adapted for other excited states as it was successfully carried out for central force potentials (see, for instance, Ref. [22] ). The electronic energy eigenvalues E b 1ru are calculated from the trial wave function (11) and the Hamiltonian (5). The calculation of the average polarizability depends on the variational parameter (b 1ru ), which is obtained by using the variational method, the wave function (11) and the Hamiltonian (5). Then the values of the average, parallel, and perpendicular polarizabilities from eqs. (13), (14a), and (14b), respectively, are calculated. Table 5 shows the electron energy eigenvalues, average values of x 2 and z 2 (calculated as already normalized functions of molecular waves (11)) and perpendicular a ?1ru ð Þ, parallel (a k1ru ), and average (a 1ru ) polarizabilities for the excited state, 1r u of the hydrogen molecular ion and these values are calculated for different cavity volumes. The internuclear distance is determined by the relationship Rn c .
As expected, comparing the data in Tables 2 and 5 , it can be seen that the energies eigenvalues of the excited state are higher than those of the ground state. Analyzing Tables 5 and 4 , one can find that the polarizability of the H 1 2 molecule is greater when the molecule is in the excited state 1r u . These relations can be observed in the plots in Figure 2 .
In terms of the energies eigenvalues (Fig. 2a) , it is noted that the largest distortion of these eigenvalues occur in strong confinement regime. The gap on the ground state energy and the first excited state energy also decreases when the confinement parameter increases. For weak confinement, i.e. large values of the parameter Rn c , the energies eigenvalues tend to the eigenvalues of the molecule without confinement. This tendency is observed in Figure 2a .
The polarizability behavior shown in Figure 2b indicates that for stronger confinement regime the polarizability tends to zero for both analyzed states. On the other extreme, for a large value of Rn c , one observes that the difference between the polarizability increases.
The parallel and perpendicular components of the polarizability shown in Table 4 (ground state) and Table 5 (excited state) are plotted in Figure 3 . It can be noted in both cases that the values tend to zero for small values of the confinement parameter. The remarkable result is the behavior of the curves in these cases. The parallel polarizability ( Figure  3a) for the ground state (a k ) is greater than in the excited state (a k1ru ). For the perpendicular polarizability, the situation is reversed. These results are probably related to the geometry adopted, particularly with the different sizes of the axis.
Conclusions
In this paper we introduce a new trial wave function to describe confined molecular systems starting from atomic wave functions and study the hydrogen molecular ion, H 1 2 , using the variational method using these functions, eqs. (10) and (11) .
Regarding the ground state electronic energies (Tables 1 and 2 ), the trial wave function proved satisfactory. The results are close to the values indicated by other authors. It can be seen that the energy values obtained are the same as or lower than those shown in other studies, [7, 8, 10] i.e. the results obtained, according to the variational principle, are numerically better or equivalent to those reported in the literature. These results are obtained despite using only one variational parameter in the present work. It is important to stress that even though the problem has been attacked by different approaches; the methodology introduced here is very simple and provides accurate results. In some cases, particularly for large confinement volumes, the average polarizability of the molecule in the ground state (Table 4 ) obtained in this work show results with a significant difference when compared to previous results. [8] However, the polarizabilities calculated here are obtained from a wave function that better describes the confined H 1 2 molecule, indicating that the results presented in this paper are quantitatively better than those presented in previous works. The electronic properties for the H 1 2 molecule in the excited state 1r u were also calculated. As expected, the resulting energy eigenvalues for the excited state 1r u are greater than the eigenvalues of the ground state. The molecular polarizability increases when the molecule is excited to state 1r u . As far as can be seen by the authors, these results are unpublished. However, the successful application of the treatment to the ground state 1r g is an indication that the same approach can be applied to the state 1r u .
In addition, it was noted that the results obtained for energies in both states are in qualitative agreement with recent results obtained for spherically cavities from diffusion Monte Carlo method. [23] In particular, the behavior of energy as a function of the confinement parameter is similar. Complementary, admitting that for large values of the confinement volume the system tends to the free one, the results for the H 1 2 without confinement (for instance, Refs. [24, 25] ) can be compared with the results obtained here for the larger value of the volume. The ground state energy obtained for the system without confinement by Flolov is 20.602 633 511 30 [24] and by Pil on and Baye is 20.597 139 063 123 4 [25] while the result obtained here for V 5 879 a 0 [3] is 20.6031 (Table 2) . It is worth noting that the cited results [[24,25] were achieved without the Born-Oppenheimer approximation.
One can conclude that the approach proposed here leads to a good quantitative description of the confined H 1 2 molecule. It is important to note that the trial wave functions introduced for use in the variational method are based on atomic wave functions and require only one variational parameter, which simplifies the mathematical treatment of the problem.
